





8. Is every point of every open set E < R? a limit point of E? Answer the same
question for closed sets in R?2,
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9. Let E° denote the set of all interior points of a set E. [See Definition 2.18(e);
E? is called the interior of E.]
(a) Prove that E° is always open.
(b) Prove that E is open if and only if E° =E.
(c) If G < E and G is open, prove that G < E°,
(d) Prove that the complement of E° is the closure of the complement of E.
(e) Do E and FE always have the same interiors ?
(f) Do E and E° always have the same closures?
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10. Let X be an infinite set. For p € X and ¢ € X, define

1 (fp # q)
0 (f p =¢q).

Prove that this is a metric. Which subsets of the resulting metric space are open?
Which are closed? Which are compact?
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11. For x € R! and y € R!, define
di(x, y) = (x — y)?,
dy(x, y) = Vw,
di(x, y) =|x*— y?|,
da(x, y) =|x —2y|,

Determine, for each of these, whether it is a metric or not.
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12. Let K < R?! consist of 0 and ihe numbers 1/n, forn=1, 2, 3, .... Prove that Kis
compact directly from the definition (without using the Heine-Borel theorem).
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19. (a) If A and B are disjoint closed sets in some metric space X, prove that they
are separated.
(b) Prove the same for disjoint open sets.
(c) Fix pe X, 8 >0, define A to be the set of all g € X for which d(p, q) < 8, define
B similarly, with > in place of <. Prove that 4 and B are separated.
(d) Prove that every connected metric space with at least two points is uncount-
able. Hint: Use (¢).
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