15. Under what conditions does equality hold in the Schwarz inequality ?

Recall the Schwarz inequality

1.35 Theorem Ifa,,...,a,andb,, ..., b, are complex numbers, then

n 2 n 5 n
2. a;b;l <} |ay]% ) [5]2%
i=1 i=1 i=1

Proof Put A =ZX|q;|% B=ZX|b;|% C =Za;b; (in all sums in this proof,
Jj runs over the values 1, ..., n). If B=0, then b, = -+ = b, =0, and the
conclusion is trivial. Assume therefore that B > 0. By Theorem 1.31 we
have
Y |Ba; — Cb;|* = Y (Ba; — Cb,)(Bd; — Cb))

=B*) |aj|* = BC) a;b; - BCY a;b; + |C|* Y | b;|*

= B%4 — B|C|?

= B(4B - | C|?).
Since each term in the first sum is nonnegative, we see that

B(AB - |C|?®» >0.

Since B > 0, it follows that AB — | C|? > 0. This is the desired inequality.
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16. Suppose k >3, x,ye R, |x—y| =d>0,and r > 0. Pr
(a) If 2r >d, there are infinitely many z € R* such that
|z—x| =|z—y| =r.

(b) If 2r =d, there is exactly one such z.
(¢) If 2r < d, there is no such z.
I/—K)w must these statements be modified if kis 2 or 1?
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17. Prove that
|x+y|2+|x—y[?=2]x|>+2]|y|?

if xe R* and y € R*. Interpret this geometrically, as a statement about parallel-
ograms.
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18. If kK >2 and x € R*, prove that there exists y € R* such that y #0 but x -y =0,

Is this also true if k =172
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19. Suppose a € R*, b € R*. Find ¢ € R* and r > 0 such that
|x —a| =2|x—b|

if and only if |x —¢| =r.
(Solution: 3¢ =4b—a, 3r=2|b—a|.)
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