8. Prove that no order can be defined in the complex field that turns it into an ordered
field. Hint' —1 is a square.
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9, Suppose z=a+ bi, w=c+di. Define z<w if a<e, and also if a=c but
b < d. Prove that this turns the set of all complex numbers into an ordered set.
(This type of order relation is called a dictionary order, or lexicographic order, for
obvious reasons.) Does this ordered set have the least-upper-bound property ?
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10. Suppose z =a + bi, w =u + iv, and

] =(Iw|2+ u)”” , =(|w|2— u)"{

Prove that z? = w if v > 0 and that (2)> = w if v < 0. Conclude that every complex
number (with one exception!) has two complex square roots.
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11. If z is a complex number, prove that there exists an r >0 and a complex number
w with |w| =1 such that z =rw. Are w and r always uniquely determined by z?
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12. If z, ..., z, are complex, prove that
|ze+ 22+ + za| < ze| + |z2| + 00 + |za].
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13. If x, y are complex, prove that
lIx| = Il < [x =yl




14. If z is a complex number such that |z| =1, that is, such that zZ = 1, compute

|1 +z[2+ |1 —z|2
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