Exercise 1.1 If r is rational r # 0 and x is irrational, prove that r +  and ra are irrational.
Supposethat0 #r € Qandz € R\ Q

« Claim 1: r + x is irrational.
Assume the contray that 7 + & € Q. Since, QQ is field,

z=(r+x)—reQ
. This is a contradiction. Thus, 7 + x is irrational.

« Claim 2: rz is irrational.
Assume the contray that rz € Q. Since, QQ is field,

() (2o (2o

. This is a contradiction. Thus, rx is irrational.



Exercise 1.2 (1:R2) Prove that there is no rational number whose square is 12.

Proof. First observe that

VIZ= /T 3=2/3

Claim 1:Vn € N3|n? — 3|n.
Let n € N. Suppose that 3|n2 We know that 3 is prime. Then by number theory resuts we can get 3|n or

3|n. We are done.

Cliam 2: /3 is irrartional.

We use inderect proof. Assume contary, \/3 is rational. In other words,

V3= % for some q € Z, q # 0 and p, g have no comman factors.

Thus,
3¢* =p

Then, by above claim we can get that 3|p‘ Thus, there exists k € Z such that 3k = p. Thus,

3¢> =p’

3¢ = (3k)*

3¢ = 9k?
q2 — 3k2

So, both p and g have comman factor 3.This contract our assumption. Thefore, \/ES) is irrational. So we

are done proof of claim 2.
Since, 4/3 is not a rational number. Thus /3 is irrational number.

Therfore exercise 1.1 we get \ﬂ12) is irrational. Hence, there is no rational number whose square is 12.
O




~

1.15 Proposition The axioms for multiplication imply the following statements.

(@ Ifx#0and xy=xztheny=z.
b) If x#0and xy =xtheny = 1.

(¢) If x#0and xy=1theny =1/x.
d) If x #0 then 1/(1/x) = x.

The proof is so similar to that of Proposition 1.14 that we omit it.







4. Let E be a nonempty subset of an ordered set; suppose « is a lower bound of E
and B is an upper bound of E. Prove that « < B.




5. Let A be a n-o-nempty set of real numbers whiéh is bounded below. Let —A be
the set of all numbers —x, where x € 4. Prove that

inf A = —sup(— A).







6. Fix b > 1.
(a) If m, n, p, q are integers, » >0, g >0, and r = m/rn = p/q, prove that

(B! = (B,
Hence it makes sense to define b" = (b™)'/",

(b) Prove that b"** = b"b* if r and s are rational.
(¢) If x is real, define B(x) to be the set of all numbers 5, where ¢ is rational and

t < x. Prove that
b" =sup B(r)

when r is rational. Hence it makes sense to define
b* = sup B(x)

for every real x.
(d) Prove that b**> = b*b* for all real x and y.
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7. Fix b>1, y >0, and prove that there is a unique real x such that 5* =y, by
completing the following outline. (This x is called the logarithm of y to the base b.)
(a) For any positive integer n, b" — 1 > n(b — 1).

(b) Hence b — 1 = n(b'"— 1).

(¢) Ift>1and n>(b—1)/(t— 1), then b*/" < ¢,

(d) If w is such that b* < y, then b*+@/™ < y for sufficiently large n; to see this,
apply part (¢) with ¢t =y - b~".

(e) If b* >y, then b¥~ /™ > y for sufficiently large ».

(f) Let A be the set of all w such that b* <y, and show that x =sup A satisfies
b* =y,

(g) Prove that this x is unique.
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